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Onsager’s regression hypothesis makes a fundamental connection between macroscopic transport
phenomena and the average relaxation of spontaneous microscopic fluctuations. This relaxation, however,
is agnostic to odd transport phenomena, in which fluxes run orthogonal to the gradients driving them. To
account for odd transport, we generalize the regression hypothesis, postulating that macroscopic linear
constitutive laws are, on average, obeyed by microscopic fluctuations, whether they contribute to relaxation
or not. From this “flux hypothesis,” Green-Kubo and reciprocal relations follow, elucidating the separate
roles of broken time-reversal and parity symmetries underlying various odd transport coefficients. As an
application, we derive and verify the Green-Kubo relation for odd collective diffusion in chiral active
matter, first in an analytically tractable model and subsequently through molecular dynamics simulations of
concentrated active spinners.
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Introduction—Ongoing efforts in statistical physics have
sought to generalize the canonical theories of phase
transitions, rare events, and transport processes to include
phenomena which are unique to nonequilibrium systems. A
radical example is odd transport phenomena—such as odd
viscosity [1–9], odd diffusion [10–12], and odd thermal
conduction [13]—in which the gradient of a conserved
quantity (momentum, mass, and energy, respectively)—
drives a corresponding flux in the orthogonal direction.
Recently, odd transport has been shown to exist in a broad
class of systems known as “chiral active matter.” These
systems, which may be biological [14–18] or synthetic
[19–23], are characterized by microscopic dynamics break-
ing time-reversibility and parity symmetry.
The connection between microscopic dynamics and

macroscopic transport phenomena was developed in the
pioneering works of Onsager, Kubo, Casimir, and Zwanzig,
among others [24–30]. By assuming that microscopic
fluctuations about equilibrium tend to relax according to
the same conservation laws governing macroscopic trans-
port (the regression hypothesis), Onsager showed that
reciprocal relations exist between transport coefficients
as a direct consequence of time-reversal symmetry
[24,25]. In practice these transport coefficients can be
predicted quantitatively from equilibrium fluctuations
using Green-Kubo relations. When deriving these relations,
Kubo, Yokota, and Nakajima identified two distinct cat-
egories of transport phenomena, arguing that for mechani-
cal transport induced by an external perturbation (e.g.
mobility), linear response theory is sufficient [27], while for

thermal transport induced by spatial gradients (e.g. diffu-
sion), the regression hypothesis must be taken as an
assumption [28].
When transport occurs about equilibrium, Green-Kubo

relations in the two categories are formally equivalent due
to Einstein relations [31]. Out of equilibrium, however,
Einstein relations break down except in certain limits [32–
34], necessitating different approaches. Several nonequili-
brium linear response theories [35–38] have been devel-
oped, yielding Green-Kubo relations that are modified with
respect to their equilibrium counterparts. For gradient-
driven transport, recent work has shown that the regression
hypothesis holds even for nonequilibrium steady states
[5,6,39], resulting in Green-Kubo relations that are iden-
tical in form to their equilibrium counterparts. This latter
approach, however, is still insufficient for odd gradient-
driven transport phenomena, which do not affect the
relaxation of gradients and thus elude the regression
hypothesis. Consequently, a rigorous connection of odd
gradient-driven transport to microscopic fluctuations has
been lacking, raising questions of how odd phenomena
generically arise out of chiral microscopic fluctuations, and
when the breaking of time-reversal symmetry is a necessary
condition for odd transport.
In this Letter we develop a general theoretical framework

illuminating the microscopic origins of odd gradient-driven
transport phenomena, revealing cases where odd transport
may be possible without breaking time-reversal symmetry.
By introducing the flux hypothesis, a reformulation of
Onsager’s regression hypothesis, we develop general
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Green-Kubo relations and reciprocal relations, which we
finally apply and validate in the context of odd collective
diffusion of chiral active spinners.
Linear constitutive behavior and Onsager’s regression

hypothesis—Transport phenomena occur when a system is
perturbed from its stationary state, which need not be
thermodynamic equilibrium. In this Letter we assume as a
starting place the existence of linear constitutive behavior
in which a flux Ji is driven by spatial gradients of
conserved quantities Aj:

Ji ¼ −
Xm
j¼1

Mij · ∇Aj: ð1Þ

Here, subscripts index over the m quantities being trans-
ported (mass, momentum, heat, etc.) such that Mij ∈Rd×d

is one of m2 matrices of constant transport coefficients in d
dimensions. Equation (1) encapsulates the constitutive laws
of Fick, Fourier, and Newton [40–42] as terms with i ¼ j.
Conversely, i ≠ j corresponds to cross-couplings, for
instance the Soret and Dufour effects [40], in which
temperature gradients drive mass flux and mass gradients
drive heat flux, respectively.
In the Fourier representation defined by yqðtÞ ¼R
dr e−iq·ryðr; tÞ, Eq. (1) becomes

Jqi ¼ −
Xm
j¼1

Mij · iqA
q
j ; ð2Þ

with wave vector q. In the absence of sources or sinks, Aq
i

changes value only as it is transported by the flux Jqi , and
thus obeys the conservation law

d
dt

Aq
i ¼ −iq · Jqi : ð3Þ

Combining Eqs. (2) and (3) yields the relaxation equation

d
dt

Aq
i ¼ −

Xm
j¼1

ðq ·Meven
ij · qÞAq

j : ð4Þ

We have explicitly labeled the even part of the transport
matrix, defined here as Meven

ij ¼ 1
2
ðMij þM⊺

ijÞ, where the
transpose ð·Þ⊺ acts on the spatial elements but not the
transport couplings (i.e. subscripts). In contrast, the odd
part Modd

ij ¼ 1
2
ðMij −M⊺

ijÞ drives fluxes perpendicular to
the gradient in Eq. (1), and consequently does not enter [43]
into Eq. (4). Nevertheless, Modd

ij can affect the evolution of
Aq
i ðtÞ through boundary conditions involving the fluxes Jqi ,

with significant and sometimes unexpected consequences
[10,11,44–48].
To connect Meven

ij to microscopic dynamics, Onsager
[24,25] proposed that if Eq. (4) is observed macro-
scopically, it should also apply to the average be-
havior of spontaneous microscopic fluctuations about a
stationary state, as illustrated in Fig. 1(a). This is the

Onsager regression hypothesis (ORH), expressed math-
ematically as

hÂq
i ðΔtÞifÂq

j ð0Þ¼aqjg − aqi

Δt
¼ −

Xm
j¼1

ðq ·Meven
ij · qÞaqj ; ð5Þ

where Âq
i indicates a fluctuating microscopic quantity

corresponding to Aq
i , as obtained for example through

coarse-graining of the microscopic dynamics [49,50]. The
notation h·ifÂq

j ð0Þ¼aqjg indicates an average over the sub-

ensemble compatible with the prescribed initial values
faqjg. A more practical statement of the ORH involving
correlation functions is obtained by multiplying Eq. (5) by
a−qk and averaging faqi g over the steady-state distribution of
fÂq

i g, yielding

FIG. 1. Odd collective diffusion. (a) An excited density mode ρq

of wavelength 1=jqj relaxes on the timescale τr ∼ 1=ðDc
kq

2Þ. The
ORH states that the macroscopic relaxation equation for the
density (solid box) is obeyed on average by microscopic fluctua-
tions (dotted box). (b) Underlying the relaxation process, the
density is transported by fluxes. These may include an odd part
which eludes the bulk relaxation (vertical component of the light
blue arrows). The flux hypothesis (FH) states that the macroscopic
constitutive law for the flux (solid box) is obeyed on average by
microscopic fluctuations (dotted box), for both the even and odd
components. (c) Typical trajectories of the chiral Langevin model
system described by Eq. (23). (d) The odd diffusivity Dc⊥ of this
system (dashed pink line) is obtained on intermediate timescales at
small q from the analytical solution to the Green-Kubo relations in
Eq. (25). (e) Rescaling by λ collapses all curves and recovers
Markovian behavior as λ → 0, motivating Eq. (15).
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1

Δt
½hÂq

i ðΔtÞÂ−q
k ð0Þi − hÂq

i ð0ÞÂ−q
k ð0Þi�

¼ −
Xm
j¼1

ðq ·Meven
ij · qÞhÂq

jð0ÞÂ−q
k ð0Þi: ð6Þ

The left-hand sides of Eqs. (5) and (6) are formulated as
finite-difference time derivatives, valid only for Δt much
shorter than the fastest macroscopic relaxation time
τr ∼minij 1=jq ·Meven

ij · qj. For Eq. (6) to reproduce the
Markovian behavior of Eq. (4), however, Δt must also be
much longer than the correlation time τc, above which the
increments Âq

i ðtþ ΔtÞ − Âq
i ðtÞ and Âq

jðtÞ − Âq
jðt − ΔtÞ can

be considered statistically independent for all i and j. Thus
Δt must satisfy the separation of timescales

τc ≪ Δt ≪ τr; ð7Þ
as discussed in greater detail in a following section. With
these considerations, Kubo, Yokota, and Nakajima [28]
derived from Eq. (6) the Green-Kubo relations
Z

Δt

0

dthĴqi ðtÞ ⊗ Ĵ−qk ð0Þieven ¼
Xm
j¼1

Meven
ij hÂq

jð0ÞÂ−q
k ð0Þi;

ð8Þ
where Ĵqi is the microscopic flux transporting Âq

i .
Flux hypothesis—As seen in the previous section, the

ORH cannot, by construction, yield any microscopic
information about Modd

ij . Note, however, that the core idea
behind the ORH can in fact be decomposed into two
separate assertions. Firstly, fluctuations Âq

i are conserved
and thus obey ðd=dtÞÂq

i ¼ −iq · Ĵqi exactly for any reali-
zation of the fluctuating dynamics, just as for the macro-
scopic fields in Eq. (3). Secondly, fluctuations on average
reproduce macroscopic constitutive behavior. This suggests
that, to access Modd

ij , the latter statement should be posed
independently of the former. Namely, we postulate a flux
hypothesis stating that Eq. (2) applies not only to macro-
scopic fluxes arising in response to externally driven
gradients, but also to the average behavior of microscopic
fluxes arising in response to the spontaneous fluctuations of
Âq
i . More precisely,

hĴqi ðΔtÞifÂq
j ð0Þ¼aqjg ¼ −

Xm
j¼1

Mij · iqa
q
j ; ð9Þ

as illustrated in Fig. 1(b). Again, Δt must satisfy the
separation of timescales in Eq. (7): it should be long enough
that constitutive behavior is Markovian, yet short enough
that no relaxation of Âq

j has occurred. Multiplying by a−qk
and averaging, as in Eq. (6), yields

hĴqi ðΔtÞÂ−q
k ð0Þi ¼ −

Xm
j¼1

Mij · iqhÂq
jð0ÞÂ−q

k ð0Þi: ð10Þ

Note that contracting both sides of this equation with iq and
invoking the conservation law recovers Eq. (6). The ORH is
therefore a corollary of the flux hypothesis.
Assuming stationarity, Eq. (10) then impliesZ
Δt

0

dthĴqi ðtÞ ⊗ Ĵ−qk ð0Þi ¼
Xm
j¼1

MijhÂq
jð0ÞÂ−q

k ð0Þi; ð11Þ

as shown in the Supplemental Material, Appendix A [51].
Note that Eq. (11) is identical to Eq. (8), except that it holds
for all components of Mij, both even and odd. Finally,
defining

½g−1ðqÞ�ij ¼
1

V
hÂq

i ð0ÞÂ−q
j ð0Þi; ð12Þ

Lijðq;ΔtÞ ¼
1

V

Z
Δt

0

dthĴqi ðtÞ ⊗ Ĵ−qj ð0Þi; ð13Þ

and rearranging Eq. (11) yields the Green-Kubo relations

Mijðq;ΔtÞ ¼
Xm
k¼1

Likðq;ΔtÞgkjðqÞ; ð14Þ

where Lij encodes the dynamical response and gij sets the
scale of static fluctuations. Both Lij and gij are normalized
by the system size V so that they are intensive.
Separation of timescales and self-similarity—For both

even and odd transport, there remains the ambiguity of
identifying an intermediate timescale Δt satisfying the
inequalities in Eq. (7). One possibility is to take first the
macroscopic limit q → 0 and then send Δt → ∞ [31,52].
For gradient-driven transport, self-similarity of the time
correlation functions suggests rescaling space and time as
q ↦ λq and Δt ↦ Δt=λ2 in Mijðq;ΔtÞ, as illustrated in
Figs. 1(d) and 1(e). In this way, the macroscopic and
Markovian characteristics of Eq. (2) are both recovered at
small values of the scaling parameter λ, in line with work by
Zwanzig [29]. The Green-Kubo relations in Eq. (14) may
then be evaluated as

Mij ¼ lim
Δt→0

lim
λ→0

Xm
k¼1

Likðλq;Δt=λ2ÞgkjðλqÞ; ð15Þ

noting that the limits do not commute. The inner limit
recovers the Markovian, macroscopic phenomenology of
Eq. (1). The outer limit then ensures that correlations are
instantaneous with respect to the relaxation time.
Reciprocal relations—The Green-Kubo relations (14)

reveal the microscopic symmetries involved in odd trans-
port. Most fundamentally, odd transport requires asymme-
try of Lij, which in turn requires that parity symmetry be
broken at the level of the time correlation functions in
Eq. (13). For dynamics obeying time-reversal symmetry
(TRS), this implies the reciprocal relations

Lij ¼TRShihjL⊺
ji ; ð16Þ

where hi ∈ f−1; 1g indicates whether the flux Ĵqi is an even
(hi ¼ 1) or odd (hi ¼ −1) function of the particle veloc-
ities. For instance, a fluid stress will be even while a
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diffusive flux is odd. Onsager’s regression hypothesis leads

to Leven
ij ¼TRShihjLeven

ji , while the flux hypothesis yields the
additional odd reciprocal relations

Lodd
ij ¼TRS − hihjLodd

ji : ð17Þ
When i ¼ j, we find Lodd

ii ¼TRS −Lodd
ii ¼ 0, indicating that

TRS breaking is indeed a requirement for self-induced odd
transport. Interestingly, odd cross terms (i ≠ j) in principle
require only breaking parity symmetry and not TRS. This
suggests the possibility of equilibrium (i.e. passive) matter
exhibiting odd cross couplings, for instance between
viscous and diffusive transport.
Application to odd collective diffusion—We now apply

the preceding theoretical framework in a concrete and novel
setting involving odd collective diffusion. Application to
other odd transport phenomena proceeds analogously, as
shown in the Supplemental Material, Appendix E [51] for
odd thermal conductivity and odd viscosity [53]. Collective
(or “down-gradient”) diffusion in concentrated solutions,
whether passive or active, involves the flux J of solute
relative to a stationary medium driven by gradients in its
density ρ, with the linear constitutive law

Jðr; tÞ ¼ −DcðρÞ · ∇ρðr; tÞ; ð18Þ
as depicted in Fig. 1. Unlike self-diffusion in dilute
solutions, whose odd part has been described previously
[10–12,54], the collective diffusivity Dc depends on the
solute density due to interactions between solute particles.
In two-dimensional isotropic systems, Dc ¼ Dc

kδ −Dc⊥ϵ,
where δ ¼ ½1

0
0
1
� and ϵ ¼ ½ 0−1 10� and Dc

k and Dc⊥ are the even
and odd collective diffusivity, respectively. For small
perturbations about a homogeneous density, ρðr; tÞ ¼ ρ̄þ
δρðr; tÞ, Eq. (18) assumes the linear form

Jðr; tÞ ¼ −Dcðρ̄Þ · ∇δρðr; tÞ; ð19Þ
matching Eq. (1), with M ¼ Dcðρ̄Þ and A ¼ δρ.
The Green-Kubo relations in Eq. (14) are then

Dcðq;Δt; ρ̄Þ ¼
R
Δt
0 dthĴqðtÞ ⊗ Ĵ−qð0Þi

hρ̂qρ̂−qi ; ð20Þ

identifying g−1ðqÞ ¼ ð1=VÞhρ̂qρ̂−qi with the static structure
factor andLðq;ΔtÞ ¼ ð1=VÞ RΔt

0 dthĴqðtÞ ⊗ Ĵ−qð0Þi as the
solute flux autocorrelation function (see Supplemental
Material, Appendix B.1 [51]). For N solute particles at
positions rα with velocities vα, we define the microscopic
fields ρ̂ðr; tÞ ¼ P

N
α¼1 δ½r − rαðtÞ�, where hρ̂i ¼ ρ̄, and

Ĵðr; tÞ ¼ P
N
α¼1 vαðtÞδ½r − rαðtÞ�. Equation (20) is then

Dcðq;ΔtÞ ¼
P

αβ

R
Δt
0 dthvαðtÞ ⊗ vβð0Þ cos½q · ΔrαβðtÞ�iP

αβhcos½q · Δrαβð0Þ�i
;

ð21Þ

having defined ΔrαβðtÞ ≔ rαðtÞ − rβð0Þ.

In the dilute limit, correlations vanish for α ≠ β. For
identical particles, Eq. (21) then simplifies to the Green-
Kubo relation for self-diffusion of a single particle

Dself ¼ lim
Δt→0

lim
λ→0

Z
Δt=λ2

0

dthvðtÞ ⊗ vð0Þ cos½λq · ΔrðtÞ�i

¼
Z

∞

0

dthvðtÞ ⊗ vð0Þi; ð22Þ

consistent with Ref. [10], showing Dself⊥ to arise from chiral
random motion, as reviewed in the Supplemental Material,
Appendix B. 2 [51].
Chiral Langevin diffusion—From Eq. (17), it is clear that

any system exhibiting odd diffusion must break TRS. A
straightforward model system meeting this requirement
consists of noninteracting particles described by the
Langevin equation

ṙαðtÞ ¼ vαðtÞ;
v̇αðtÞ ¼ −γvαðtÞ þ ηαðtÞ; ð23Þ

with the asymmetric friction γ ¼ γkδþ γ⊥ϵ and thermal
noise obeying hηαðtÞ ⊗ ηβðt0Þi ¼ 2kBTγδαβδðt − t0Þ. The
odd friction γ⊥ breaks TRS by inducing chiral motion [see
Fig. 1(c)], playing an identical role to the Lorentz force
affecting particles carrying charge q and moving in the
plane normal to a magnetic field B, in which case
jγ⊥j ¼ jqBj. More generally, odd friction can be a conse-
quence of chiral dynamics intrinsic to the solute or arising
out of interactions with the solvent [55,56], and serves as a
useful model for detailed-balance-violating currents fre-
quently encountered in living systems [57–59].
Given the noninteracting nature of the particles, the self-

diffusivity then follows directly from Eq. (22) as
Dself ¼ kBTγ−1, with even and odd components

Dself
k ¼ kBT

γk
γ2k þ γ2⊥

; Dself⊥ ¼ kBT
γ⊥

γ2k þ γ2⊥
: ð24Þ

Independently, the collective diffusivity Dcðq;ΔtÞ can be
solved exactly (see Supplemental Material, Appendix C
[51,60,61]) yielding

Dcðq;ΔtÞ ¼ kBTγ−1ðδ − e−γΔtÞe−1
4
q2hjΔrðΔtÞj2i: ð25Þ

Note that limΔt→0Dcðq;ΔtÞ ¼ limΔt→∞Dcðq;ΔtÞ ¼ 0 for
any finite q. The correct value of Dc is attained only on
intermediate timescales, as plotted in Fig. 1(d), or upon
rescaling [Fig. 1(e)] and applying the limits of Eq. (15) in
the correct order, resulting in

Dc ¼ lim
Δt→0

lim
λ→0

Dcðλq;Δt=λ2Þ

¼ lim
Δt→0

kBTγ−1e
−q2Dself

k Δt ¼ kBTγ−1; ð26Þ

confirming that Dc ¼ Dself for both the even and odd
components, due to the noninteracting setting.
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Collective diffusion of concentrated active spinners—
Odd collective diffusion can also arise out of collisions
between spinning solute particles, as encountered in a range
of physical contexts [14–20,22,23,62]. Consider a system
of chiral active spinners with positions rα and orientations
θα, evolving as

ṙα ¼ vα; θ̇α ¼ Ωα;

mv̇α ¼ −γvα − ∇rαðV int þ VextÞ þ ηα;

IΩ̇α ¼ −γθΩα þ Γa − ∂θαðV int þ VextÞ þ ξα: ð27Þ

Here, mvαðtÞ and IΩαðtÞ are the linear and angular
momenta, with mass m, moment of inertia I, friction
coefficients γ and γθ, and noise obeying the fluctuation-
dissipation relations hηαðtÞ ⊗ ηβðt0Þi ¼ 2kBTγδαβδðt − t0Þδ
and hξαðtÞξβðt0Þi ¼ 2kBTγθδαβδðt − t0Þ. Pairwise inter-
actions depend on the relative position and orientation of
the particles, i.e. V int ¼ 1

2

P
α≠β Vαβðjrα − rβj; jθα − θβjÞ. In

practice, we simulate rigid dumbbells using LAMMPS
software [63] (see the Supplemental Material, Appendix D
[51], for simulation details).
Chirality is imposed on the rotational motion via the

active torque Γa, whose magnitude relative to thermal
forces is quantified by the Péclet number Pe ¼ Γa=kBT.
Chirality then enters the translational motion through V int.
In other words, Γa biases the interaction statistics, such that
the average collision path of two spinners is parity
asymmetric, though Vint contains no inherent asymmetry
[4,13]. Thus, in contrast to the previous section, odd
diffusion is expected to vanish in the dilute limit.
The results of computing Dc

k and Dc⊥ from the Green-
Kubo relations in Eq. (20) are shown in Figs. 2(a) and 2(c).
Note that the zero-wave vector solute flux Ĵq¼0 ¼P

N
α¼1 vαðtÞ ¼ Nv̄ðtÞ, where the center-of-mass velocity

v̄ðtÞ, loses all information about pairwise interactions V int,
while density fluctuations also vanish at q ¼ 0. Thus,
Dcðq;ΔtÞ can only be evaluated at small but finite q, i.e.
in the limit form of Eq. (15). To validate the Green-Kubo
estimates, we independently calculate Dc using

nonequilibrium molecular dynamics, imposing a small
perturbation VextðxÞ ¼ −δV cosðqxÞ and measuring the
steady-state density and flux, which admit the solution
(see the Supplemental Material, Appendix D [51])

ρðxÞ ¼ ρ̄

�
1þ δV

Dc
kγ

cosðqxÞ
�
;

Jy ¼ −Dc⊥∂xρ ¼ Dc⊥ρ̄qδV
Dc

kγ
sinðqxÞ: ð28Þ

Note that the odd flux Jy persists even at steady state.
Figures 2(a) and 2(c) show these values to be in good
agreement with Green-Kubo predictions from Eq. (21)
across a range of densities ρ̄ and active torques Pe.
The Green-Kubo formulas in Eq. (21) further allow

decomposition of the diffusion tensor as Dc ¼ Dselfþ
Ddistinct, where the “distinct” part involves interparticle
correlations (α ≠ β). These are plotted in Figs. 2(b) and
2(d), where the distinct contributions are seen to dominate
Dc for ρ̄≳ 0.1. It was previously shown that odd-diffusive
collisions can cause Dself

k to increase with density in the
semidilute limit [11], though we have not observed this
effect for the parameters chosen in our model. In contrast,
we observe that Dself⊥ increases with density due to
collisions, as anticipated, until a maximum is attained at
intermediate densities. Both Dself

k and Dself⊥ then decay at
higher densities, where the motion of individual spinners is
increasingly impeded by collisions.
Conclusion—Macroscopic transport coefficients are

encoded in microscopic, steady-state fluctuations, as for-
mulated in Onsager’s regression hypothesis. Yet the exist-
ence of odd, gradient-driven transport phenomena, as
observed in an ever-widening range of active systems,
necessitates making this connection directly at the level of
constitutive behavior, rather than bulk relaxation. The result
is the flux hypothesis, leading directly to Green-Kubo
relations that keep their form whether in or out of
equilibrium, but explicitly account for odd transport, as
validated in the novel context of odd collective diffusion.

FIG. 2. Collective diffusion of concentrated active spinners. (a),(c) Green-Kubo estimates of Dc
k and Dc⊥ from Eq. (21) (error bars for

95% confidence intervals) and direct measurements from Eq. (28) (solid lines, error bars smaller than the symbol size). In the dilute
limit, Dc

k ¼ 1
2
and Dc⊥ ¼ 0, marked by black stars. (b),(d). Contributions of Dself (dotted) and Ddistinct (solid), showing the latter to

dominate in concentrated solutions (ρ̄≳ 0.1).
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Further, the ensuing reciprocal relations reveal that time-
reversal and parity symmetry breaking are requirements for
odd self-induced transport, while only the latter symmetry
must be broken for odd cross-couplings. Future directions
include further validation of the flux hypothesis in non-
equilibrium settings, and applications to odd cross-cou-
plings, in both passive and active systems.
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A. GREEN-KUBO RELATIONS FROM THE FLUX HYPOTHESIS

In this Appendix we provide the details of obtaining the Green-Kubo relations (Eq. (14) of the main text) from the
Flux Hypothesis, starting with Eq. (10) of the main text:

〈Ĵq
i (∆t)Â−q

k (0)〉 = −
m∑
j=1

Mij · iq〈Âq
j (0)Â

−q
k (0)〉 . (A.1)

Note that the right-hand side of Eq. (A.1) preserves all information about Modd
ij , since the equality must hold for all

orientations of the wave vector q. The left-hand side may be expanded as

〈Ĵq
i (∆t)Â−q

k (0)〉 = 〈Ĵq
i (0)Â

−q
k (0)〉+

∫ ∆t

0

d

dt
〈Ĵq

i (t)Â
−q
k (0)〉dt . (A.2)

In what follows, we assume for simplicity that the static correlator vanishes, i.e. 〈Ĵq
i (0)Â

−q
k (0)〉 = 0, as is commonly

assumed [28]. Without this assumption, the following derivation proceeds in the same manner, but the final expression
will contain an additional term involving this static correlator. Note that for self-transport (i = k), this identity follows
directly from the conservation equation (3) together with the assumption of stationarity, as

iq · 〈Ĵq
i (0)Â

−q
i (0)〉 = −∂t〈Âq

i (t)Â
−q
i (0)〉

∣∣∣∣
t=0

= 0 , (A.3)

for arbitrary wave vector q.
The remaining correlation function can be simplified as follows,

d

dt
〈Ĵq

i (t)Â
−q
k (0)〉 = d

dt
〈Ĵq

i (0)Â
−q
k (−t)〉

=− d

dt′
〈Ĵq

i (0)Â
−q
k (t′)〉

∣∣
t′=−t

=− 〈Ĵq
i (0)⊗ Ĵ−q

k (−t)〉 · iq
=− 〈Ĵq

i (t)⊗ Ĵ−q
k (0)〉 · iq ,

(A.4)

where we have used the stationarity of the correlation function to transfer the time derivative to the state variable
Â−q

k and applied the conservation equation

d

dt
Âq

i (t) = −iq · Ĵq
i (t) . (A.5)

Note that Eq. (A.5) must hold not only on average but also identically for any realization of the microscopic fluctuating
variables [50]. Inputting Eq. (A.4) into Eq. (A.1) yields∫ ∆t

0

dt 〈Ĵq
i (t)⊗ Ĵ−q

k (0)〉 · iq =

m∑
j=1

Mij〈Âq
j (0)Â

−q
k (0)〉 · iq . (A.6)
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The fact that this equality holds for any orientation of q implies that∫ ∆t

0

dt 〈Ĵq
i (t)⊗ Ĵ−q

k (0)〉 =
m∑
j=1

Mij〈Âq
j (0)Â

−q
k (0)〉 . (A.7)

Equation (A.7) exactly mirrors the Green-Kubo relations obtained from the Onsager regression hypothesis (8), except
that we have retained all information about Modd

ij . Defining

[
g−1(q)

]
ij
=

1

V
〈Âq

i (0)Â
−q
j (0)〉 (A.8)

and

Lij(q,∆t) =
1

V

∫ ∆t

0

dt 〈Ĵq
i (t)⊗ Ĵ−q

j (0)〉 , (A.9)

where we note that g(q) is invertible as state variables must be orthogonal, Eq. (A.7) then yields a closed form
expression for Mij(q,∆t):

Mij(q,∆t) =

m∑
k=1

Lik(q,∆t)gkj(q) , (A.10)

recovering Eq. (14) of the main text. Obtaining the macroscopic transport coefficient Mij amounts to taking the
macroscopic limit q → 0 and choosing an appropriate correlation time ∆t of Eq. (A.10). In what follows, we work
with both Eqs. (A.1) and (A.10) when applying the flux hypothesis to collective diffusion.

B. GREEN-KUBO RELATIONS FOR ODD DIFFUSION

B.1. Collective Diffusion

The linear constitutive equation governing the flux of a species J in response to density gradients ρ is Fick’s Law

J(r, t) = −Dc(ρ)∇ρ(r, t) , (B.11)

where ρ(r, t) ∈ R is the density field, J(r, t) ∈ Rd is the flux and Dc ∈ Rd×d is the diffusivity. Non-linearity in this
constitutive relation is accounted for through the density dependence of Dc(ρ). For small perturbations δρ(r, t) about
the constant and homogeneous density ρ̄, Eq. (B.11) is linearized as

J(r, t) = −Dc(ρ̄)∇δρ(r, t) . (B.12)

Introducing the Fourier transform yq(t) =
∫
dr e−iq·ry(r, t), Eq. (B.12) can be expressed as

Jq(t) = −Dc(ρ̄) · iqδρq(t) , (B.13)

where the density modes are δρq = ρq − ρ̄δ(q). Since we are only interested in Fourier modes with finite q, we can
ignore the ρ̄δ(q) contribution, and replace δρq(t) with ρq(t).

The flux hypothesis for collective diffusion, as stated from Eq. (10) of the main text, is

Dc · iq〈ρ̂qρ̂−q〉 = −〈Ĵq(∆t)ρ̂−q(0)〉 . (B.14)

Invoking the conservation law d
dt ρ̂

q = −iq · Ĵq together with stationarity, as in Appendix A, leads directly to the
Green-Kubo relations

Dc(q,∆t) = 〈δρ̂qδρ̂−q〉−1

∫ ∆t

0

dt〈Ĵq(t)⊗ Ĵ−q(0)〉 , (B.15)

mirroring Eq. (14) of the main text.
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For an N -particle system with positions {rα} and velocities {vα}, the flux and density fields are defined through
coarse-graining [49, 50] as

ρ̂(r, t) :=

N∑
α=1

δ(r − rα) , (B.16)

Ĵ(r, t) :=

N∑
α=1

vαδ(r − rα) , (B.17)

with corresponding Fourier modes given by

ρ̂q(t) =

N∑
α=1

e−iq·rα(t) , (B.18)

Ĵq(t) =

N∑
α=1

vα(t)e
−iq·rα(t) . (B.19)

Equation (B.14) is then

Dc · iq
∑
αβ

〈e−iq·(rα−rβ)〉 = −
∑
αβ

〈
vα(∆t)e−iq·(rα(∆t)−rβ(0))

〉
. (B.20)

Recalling that Dc is real, Eq. (B.14) may be reexpressed as

Dc · q = − Im
[
〈ρ̂qρ̂−q〉−1〈Ĵq(∆t)ρ̂−q(0)〉

]
=

∑
αβ〈vα(∆t) sin

(
q · [rα(∆t)− rβ(0)]

)
〉∑

αβ〈cos
(
q · [rα − rβ ]

)
〉

,
(B.21)

where Im[y] denotes the imaginary part of y ∈ Cd. Here we have used the fact that the density-density correlation
〈ρqρ−q〉 is real, as all particles are indistinguishable and thus the system is identical under exchange of particles α
and β. With these arguments, the Green-Kubo relation in Eq. (B.15) leads to

Dc =

∑
αβ

∫∆t

0
dt 〈vα(t)⊗ vβ(0) cos

(
q · [rα(t)− rβ(0)]

)
〉∑

αβ〈cos
(
q · [rα − rβ ]

)
〉

. (B.22)

In the dilute limit, the terms in the sums for which α 6= β vanish, and Eq. (B.20) reduces to

Dc · iq dilute
= −〈v(∆t)e−iq·∆r(∆t)〉 , (B.23)

or, taking the imaginary part of both sides,

Dc · q dilute
= 〈v(∆t) sin

(
q ·∆r(∆t)

)
〉 . (B.24)

Here, ∆rα(∆t) = rα(∆t) − rα(0), and where we have assumed for simplicity that all particles are identical, thus
removing the summations. The corresponding Green-Kubo relations, obtained by differentiating and then integrating
in time, are

Dc(q,∆t)
dilute
=

∫ ∆t

0

dt

〈
v(t)⊗ v(0) cos

(
q ·∆r(t)

)〉
, (B.25)
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Using the self-similar form of Eq. (15), we find the macroscopic collective diffusion to be

Dc dilute
= lim

∆t→0
lim
λ→0

∫ ∆t/λ2

0

dt

〈
v(t)⊗ v(0) cos

(
λq ·∆r(t)

)〉
= lim

∆t→0
lim
λ→0

∫ ∆t/λ2

0

dt

〈
v(t)⊗ v(0)

[
1− 1

2
λ2q ·∆r(t)∆r(t) · q +O(λ4)

]〉
=

∫ ∞

0

dt 〈v(t)⊗ v(0)〉 − 1

2
lim

∆t→0
lim
λ→0

[
λ2

∫ τc

0

dt

〈
v(t)⊗ v(0)q ·∆r(t)∆r(t) · q

〉
+ λ2

∫ ∆t/λ2

τc

dt
〈
v(t)⊗ v(0)

〉
q ·

〈
∆r(t)∆r(t)

〉
· q

]
=

∫ ∞

0

dt 〈v(t)⊗ v(0)〉 ,

(B.26)

recovering the Green-Kubo relation for self-diffusion derived in our previous work [10]. In deriving Eq. (B.26), on the
second line, the cosine term has been expanded in λ. On the following line, the zeroth order term in the expansion
yields the expected Green-Kubo relation, with the upper limit of integration going to ∞ upon applying the limit λ → 0.
The remaining integral is then separated into an integral for t ≤ τc, and another for t > τc. The former integral
is finite, and thus vanishes under the limit λ → 0. In the latter, where t > τc, the velocities become uncorrelated
with the squared displacement. With the assumption that 〈v(t) ⊗ v(0)〉 = 0 for t > τc, this integral also vanishes.
More precisely, because the mean squared displacement 〈∆r(t)∆r(t)〉 grows linearly with t, the velocity correlation
〈v(t)⊗ v(0)〉 = 0 must decay faster than 1/t as t → ∞, which is already the criterion for integrability of the velocity
autocorrelation function.

B.2. Self-Diffusion

Macroscopic transport phenomena typically arise out of complex, many-body microscopic dynamics, which generally
do not admit an exact solution, but can instead be understood in terms of statistical averages and fluctuations. In this
way, the flux hypothesis provides a necessary connection between microscopic dynamics and macroscopic constitutive
phenomena, providing a starting place for deriving Green-Kubo relations, just as Onsager’s regression hypothesis has
done for the subset of transport phenomena excluding odd transport.

Dilute self-diffusion, however, can be understood in terms of the stochastic dynamics of a single solute particle.
Accordingly, as previously shown in [10], Green-Kubo relations for dilute self-diffusivity (including odd diffusivity)
can be derived without the flux hypothesis, by assuming only separation of timescales, as in Eq. (7). In this appendix,
we provide a self-contained derivation of the Green-Kubo relation for the dilute odd diffusivity, following Ref. [10],
which does not require invoking the flux hypothesis. Our motivation is to highlight parallels between this derivation
and the more general one which uses the flux hypothesis, as demonstrated in the following appendix for odd collective
diffusion.

To set the stage, we first show the canonical derivation of the mean-squared displacement relation for the diffusivity,
which neglects the odd part. This canonical derivation considers the time evolution of the probability density P (r, t|r0)
of the particle being at position r at time t conditioned on having started at r0 at time 0. This probability is then
expanded by considering all sources of incoming probability from a distance ∆r away at a time ∆t in the past

P (r, t+∆t|r0) =
∫

d∆rP (r −∆r, t|r0)Π(∆r;∆t) , (B.27)

where Π(∆r;∆t) is the transition probability, i.e. the probability of the particle undergoing a displacement ∆r in the
time interval ∆t. The Markovian form of Eq. (B.27) requires ∆t � τc where τc is the timescale on which increments
of the particle motion are correlated. Assuming now that ∆t also satisfies ∆t � τr, as in Eq. (7), we can expand the
LHS of Eq. (B.27) to first order in time and the RHS to second order in space, yielding

P (r, t|r0) + ∆t∂tP (r, t|r0)

=

∫
d∆r

[
P (r, t|r0)−∆r ·∇P (r, t|r0) +

1

2
∆r ·∇∇P (r, t|r0) ·∆r

]
Π(∆r;∆t) +O(∆r3,∆t2)

= P (r, t|r0)− 〈∆r(∆t)〉 ·∇P (r, t|r0) +
1

2
〈∆r(∆t)⊗∆r(∆t)〉 : ∇∇P (r, t|r0) +O(∆r3,∆t2) .

(B.28)
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Dividing both sides by ∆t and neglecting the higher order terms then yields the relaxation equation

∂tP (r, t|r0) = −v̄ ·∇P (r, t|r0) +∇ ·Dself, even ·∇P (r, t|r0) , (B.29)

where v̄ = 〈∆r(∆t)〉/∆t is the drift velocity and the symmetric (i.e. even) part of the diffusivity tensor obeys

Dself, even = lim
∆t→∞

1

2∆t
〈∆r(∆t)⊗∆r(∆t)〉even

=

∫ ∞

0

dt 〈v(t)⊗ v(0)〉even ,
(B.30)

upon sending ∆t → ∞. The first equality is the well-known mean-squared displacement formula [60]. In the final
equality, defining ∆r =

∫∆t

0
dt v(t) obtains the corresponding Green-Kubo formula for the even part of the diffusivity.

The time evolution of P (r, t|r0), however, is agnostic to odd diffusion. To derive the Green-Kubo relation for the
odd self-diffusivity, we must instead consider the fluxes—i.e. the constitutive behavior—directly, as in [10]. We now
consider the joint probability density P (r,v, t|r0), of the particle being at r with velocity v at time t, conditioned on
having been at r0 at time 0. The evolution of the density ρ(r, t|r0) and the flux J(r, t|r0), given that the particle
started at r0, are then the zeroth and first moments of the joint probability density with respect to the velocity:

ρ(r, t|r0) =
∫

dv P (r,v, t|r0) , (B.31)

J(r, t|r0) =
∫

dv vP (r,v, t|r0) . (B.32)

We now introduce into the joint probability the variable r′ representing the position of the particle at time t −∆t,
and marginalize it back out; that is, P (r,v, t|r0) =

∫
dr′ P (r,v, t; r′, t−∆t|r0). The expression for the flux is then

J(r, t|r0) =
∫∫

dv dr′ vP (r,v, t; r′, t−∆t|r0)

=

∫∫
dv dr′ vρ(r′, t−∆t|r0)P (r,v, t|r′, t−∆t; r0) ,

(B.33)

where the second equality uses the factorization property of the conditional probability and the third replaces P (r′, t−
∆t|r0) with ρ(r′, t−∆t|r0) from Eq. (B.31). So far, no assumptions have been made on the dynamics of the particle.
We now require ∆t � τc (where τc is the timescale on which the random motion is correlated with itself) such that
the dynamics are Markovian. That is,

P (r,v, t|r′, t−∆t; r0) = P (r,v, t|r′, t−∆t) =: Π(∆r,v;∆t) (B.34)

is the transition probability of the particle undergoing a displacement ∆r = r − r′ and ending with velocity v in a
time interval ∆t, and is independent of r0. Making the change of variables ∆r = r − r′, this leaves

J(r, t|r0) =
∫∫

dv d∆r vρ(r −∆r, t−∆t|r0)Π(∆r,v;∆t)

=

∫∫
dv d∆r v

[
ρ(r, t|r0)−∆r ·∇ρ(r, t|r0)

]
Π(∆r,v;∆t) +O(∆r2,∆t)

= 〈v〉ρ(r, t|r0)− 〈v ⊗∆r〉 ·∇ρ(r, t|r0) +O(∆r2,∆t)

= v̄ρ(r, t|r0)−Dself ·∇ρ(r, t|r0) +O(∆r2,∆t) .

(B.35)

In the second equality, ρ(r−∆r, t−∆t|r0) has been expanded to first order in the position and zeroth order in time,
under the assumption that ∆t � τr, thus requiring the separation of timescales as in Eq. (7). The final line reveals a
drift term v̄ = 〈v〉 and the diffusivity

Dself = lim
t→∞

〈v(t)⊗∆r(t)〉

= lim
t→∞

∫ t

0

dt′ 〈v(t)⊗ v(t′)〉

= lim
t→∞

∫ t

0

dt′ 〈v(t− t′)⊗ v(0)〉

=

∫ ∞

0

dt 〈v(t)⊗ v(0)〉 .

(B.36)
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The final equality gives the desired Green-Kubo relation, which follows from invoking stationarity in the third equality
and performing a change of variables in the final equality. Note that Eq. (B.36) holds for both the antisymmetric
(odd) as well as the symmetric (even) part of D. Considering a two-dimensional isotropic system where the diffusivity
takes the form D = D‖δ −D⊥ε, we arrive at the Green-Kubo relations

Dself
‖ =

1

2

∫ ∞

0

dt 〈v(t) · v(0)〉 = lim
t→∞

1

4t
〈|∆r(t)|2〉 , (B.37)

Dself
⊥ = −1

2

∫ ∞

0

dt 〈v(t)⊗ v(0)〉 : ε (B.38)

=
1

2

∫ ∞

0

dt 〈vy(t)vx(0)〉 − 〈vx(t)vy(0)〉 ,

Equation (B.38) reveals the odd diffusivity to be nonzero only for dynamics breaking time-reversal and parity sym-
metries, i.e. chiral random motion. Finally, note that while Dself

‖ can be expressed in terms of the mean squared
displacement, as in Eq. (B.30), no such relationship exists for the odd diffusivity Dself

⊥ due to its inherent antisymmetry.

C. DILUTE INERTIAL LANGEVIN DYNAMICS

C.1. One Dimension

In this appendix, we shall derive the exact form of the correlation function in Eq. (B.23) for dilute Langevin
diffusion. We then show that carrying out the limits in Eq. (15) yields the standard Green-Kubo expression for self-
diffusion. Before proceeding to the two-dimensional case where odd collective diffusion is possible, we briefly solve for
the correlation function in Eq. (B.23) in a one-dimensional system of particles subject to the underdamped Langevin
dynamics

ẋα(t) = vα(t) , (C.39)
v̇α(t) = −γvα(t) + ηα(t) , (C.40)

where γ is the friction coefficient and ηα(t) represents Gaussian white noise satisfying 〈ηα(t)〉 = 0 and 〈ηα(t)ηβ(t′)〉 =
2γkBTδ(t− t′)δαβ [59, 60].

Solving Eqs. (C.39) and (C.40) for the particle displacement yields

∆x(∆t) =

∫ ∆t

0

dt v(t)

=

∫ ∆t

0

dt

[
e−γtv(0) +

∫ t

0

dt′ e−γ(t−t′)η(t′)

]
=

(
1− e−γ∆t

)v(0)
γ

+

∫ ∆t

0

dt
1

γ

(
1− e−γ(∆t−t)

)
η(t) .

(C.41)

where for clarity we have removed particle index α, as the particles are identical and non-interacting. The final
equality above is obtained by changing the order of integration. Now, using 〈η(t)v(0)〉 = 0 and the equilibrium
equipartition identity 〈|v(0)|2〉 = kBT , the mean squared displacement is

〈|∆x(∆t)|2〉 = kBT

γ2
(1− e−γ∆t)2 +

∫ ∆t

0

dt

∫ ∆t

0

dt′
1

γ2
(1− e−γ(∆t−t))(1− e−γ(∆t−t′))〈η(t)η(t′)〉

=
kBT

γ2
(1− e−γ∆t)2 +

2kBT

γ

∫ ∆t

0

dt (1− e−γ(∆t−t))2

=
2kBT

γ2

[
γ∆t+ e−γ∆t − 1

]
,

(C.42)

where the self-diffusivity is given by

Dself := lim
∆t→∞

1

2∆t
〈|∆x(∆t)|2〉 = kBT

γ
. (C.43)
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The correlation function in Eq. (B.23) can be expressed as the time derivative of the moment generating function

Dc(q,∆t) = − 1

iq
〈v(∆t)e−iq∆x(∆t)〉 = − 1

q2
∂

∂∆t
〈e−iq∆x(∆t)〉 . (C.44)

A cumulant expansion yields

〈e−iq∆x(∆t)〉 = exp

{
− 1

2
q2
〈
|∆x(∆t)|2

〉}
, (C.45)

where only the second cumulant remains due to the Gaussian nature of the noise η(t). Putting together Eqs. (C.42),
(C.44) and (C.45) results in

Dc(q,∆t) = − 1

q2
∂

∂∆t
exp

{
− 1

2
q2〈|∆x(∆t)|2〉

}
=

kBT

γ
[1− e−γ∆t] exp

{
− q2

kBT

γ2

[
γ∆t+ e−γ∆t − 1

]}
.

(C.46)

Rescaling by λ and evaluating the limit λ → 0 recovers Markovian constitutive behavior

lim
λ→0

Dc(λq,∆t/λ2) = lim
λ→0

kBT

γ
[1− e−γ∆t/λ2

] exp

{
− λ2q2

kBT

γ2

[
γ∆t/λ2 + e−γ∆t/λ2

− 1
]}

=
kBT

γ
exp

{
− kBT

γ
q2∆t

}
.

(C.47)

Evaluating the limit ∆t → 0 then yields

Dc = lim
∆t→0

lim
λ→0

Dc(λq,∆t/λ2) = lim
∆t→0

kBT

γ
exp

{
− kBT

γ
q2∆t

}
=

kBT

γ
, (C.48)

which agrees with the self-diffusion result in Eq. (C.43) due to the non-interacting setting.

C.2. Two Dimensions with Odd Friction

We now proceed to the two dimensional case, where additional attention is needed to obtain the odd (antisymmetric)
part of the diffusivity. In two dimensions, the Eqs. (C.39) and (C.40) for inertial Langevin dynamics generalize to

ṙα(t) = vα(t) , (C.49)
v̇α(t) = −γ · vα(t) + ηα(t) , (C.50)

where γ = γ‖δ + γ⊥ε is the isotropic friction on the particle due to interactions with its environment. The odd
friction γ⊥ causes the particle motion to break time-reversal and parity symmetries. In practice, this term could be
the consequence of hydrodynamic asymmetry causing the particle to deflect from its current direction with a systematic
bias [20, 21], or the consequence of a charged particle moving through the plane normal to a magnetic field. We assume
the noise ηα is related to the friction through a fluctuation dissipation relation 〈ηα(t)ηβ(t

′)〉 = 2kBTγδαβδ(t− t′).
Solving for the particle displacement from Eqs. (C.49) and (C.50) yields

∆r(∆t) =

∫ ∆t

0

dt v(t)

=

∫ ∆t

0

dt

[
e−γt · v(0) +

∫ t

0

dt′ e−γ(t−t′) · η(t′)
]

= γ−1
(
δ − e−γ∆t

)
· v(0) + γ−1

∫ ∆t

0

dt
(
δ − e−γ(∆t−t)

)
· η(t)

= G(∆t) · v(0) +
∫ ∆t

0

dt G(∆t− t) · η(t) ,

(C.51)
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where the particle index α has been ignored due to particles being identical and non-interacting. The final line defines
the Green’s function G(∆t) = γ−1

(
δ−e−γ∆t

)
. It then follows that the first and second moments of the displacement,

conditioned on an initial particle velocity v(0), are

〈∆r(∆t)〉v(0) = G(∆t) · v(0) , (C.52)
〈∆r(∆t)⊗∆r(∆t)〉v(0) = G(∆t)

(
v(0)⊗ v(0)

)
Gᵀ(∆t)

+ 2kBTγ
ᵀ−1

[
∆t− TrG(∆t) +

1

2γ‖

(
1− e−2γ‖∆t

)]
. (C.53)

The initial velocity v(0) is distributed in the steady state corresponding to Eqs. (C.49) and (C.50) by the Maxwell-
Boltzmann distribution

Wss(v0) =
1

2πkBT
exp

[
− |v0|2

2kBT

]
. (C.54)

From isotropy of the dynamics, the diffusivity tensor will be of the form Dc = Dc
‖δ −Dc

⊥ε, where the presence of
the odd diffusivity Dc

⊥ renders the situation more complicated than the one-dimensional case solved in the previous
section. Under time-reversal of the dynamics, Dc

‖ remains unchanged while Dc
⊥ changes sign, as can be seen from the

Green-Kubo relation (20). Thus, we shall consider the time-reversed diffusivity Dcᵀ = Dc
‖δ+Dc

⊥ε, taking advantage
of the fact that it can be readily computed from the time-reversed form of Eq. (B.23), i.e.,

Dc(q,∆t) · iq = −〈v(∆t)e−iq·∆r(∆t))〉
T
=⇒Dcᵀ(q,∆t) · iq = 〈v(0)eiq·∆r(∆t))〉 =

∫
dv0 Wss(v0)v0〈eiq·∆r(∆t))〉v0

,
(C.55)

where T
=⇒ indicates the time-reversal operation and 〈·〉v0

is the expectation conditioned on the initial velocity v(0) =

v0. It is important to note that, while in the one-dimensional case described in the previous section it was possible to
obtain the Dc simply by time differentiation of the moment generating function, in the two-dimensional case such an
approach would yield an expression only for the even part of Dc and not the odd part. Nevertheless, one may expand
the conditional moment generating function to obtain

〈eiq·∆r(∆t)〉v0
= exp

{
iq · 〈∆r(∆t)〉v0

}
exp

{
− 1

2
q ·

〈(
∆r(∆t)∆r(∆t)− 〈∆r(∆t)〉v0

〈∆r(∆t)〉v0

)〉
v0

· q
}
. (C.56)

As in the one-dimensional case, all higher cumulants vanish due to the Gaussian nature of the noise. Due to the
initial velocity condition v(0) = v0, however, the first cumulant 〈∆r(∆t)〉v0 does not vanish. Using the identities in
Eqs. (C.52)-(C.53), the second cumulant simplifies as

q ·
〈(

∆r(∆t)∆r(∆t)− 〈∆r(∆t)〉v0〈∆r(∆t)〉v0

)〉
v0

· q =
1

2
q2
〈
|∆r(∆t)|2

〉
− q ·G(∆t)〈v0v0〉Gᵀ(∆t) · q

=
1

2
q2
〈
|∆r(∆t)|2

〉
− kBTq ·G(∆t)Gᵀ(∆t) · q .

(C.57)

In the first equality, by recognizing from Eq. (C.53) that the second cumulant does not depend on the initial velocity, we
average each term individually over the initial velocity according to the distribution Wss(v0), from which 〈v(0)v(0)〉 =
kBTδ. With Eq. (C.57), Eq. (C.55) is then a Gaussian integral which evaluates to

Dcᵀ(q,∆t) · iq =

∫
dv0 Wss(v0) v0 exp

{
iq ·G(∆t) · v0

}
exp

{
− 1

4
q2
〈
|∆r(∆t)|2

〉
+

kBT

2
q ·G(∆t)Gᵀ(∆t) · q

}
= e−

1
4 q

2〈|∆r(∆t)|2〉 1

2πkBT

∫
dv0 v0 exp

{
− 1

2kBT
|v0|2 + iq ·G(∆t) · v0 +

kBT

2
q ·G(∆t)Gᵀ(∆t) · q

}
= e−

1
4 q

2〈|∆r(∆t)|2〉 1

2πkBT

∫
dv0 v0 exp

{
− 1

2kBT

∣∣v0 − kBTG
ᵀ(∆t) · iq

∣∣2}
= kBTG

ᵀ(∆t) · iq e− 1
4 q

2〈|∆r(∆t)|2〉 .

(C.58)
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From isotropy, the orientation of q may be chosen arbitrarily and thus

Dc(q,∆t) = kBTG(∆t)e−
1
4 q

2〈|∆r(∆t)|2〉 . (C.59)

From Eq. (C.53) together with equipartition identity 〈v(0)v(0)〉 = kBTδ, the mean-squared displacement is

〈|∆r(∆t)|2〉 = kBTG(∆t) : G(∆t) + 4kBT
γ‖

γ2
‖ + γ2

⊥

[
∆t− TrG(∆t) +

1

2γ‖

(
1− e−2γ‖∆t

)]
(C.60)

The odd diffusivity Dc
⊥(q,∆t) = − 1

2ε : Dc(q,∆t) is plotted from the expression in Eq. (C.59) in Fig. 1(d) of the
main text. Note that lim∆t→0 D

c(q,∆t) = lim∆t→∞ Dc(q,∆t) = 0 and it is thus only on intermediate timescales
τc � ∆t � τr the collective diffusivity can be obtained. As indicated in the main text, this can be achieved by
rescaling by λ and evaluating the limit

lim
λ→0

Dc(λq,∆t/λ2) = exp
{
− kBT

γ‖

γ2
‖ + γ2

⊥
q2∆t

}
kBTγ

−1 , (C.61)

recovering Markovian behavior consistent with the macroscopic phenomenology. Then, taking the short-time limit

Dc = lim
∆t→0

lim
λ→0

Dc(λq,∆t/λ2) = lim
∆t→0

exp
{
− kBT

γ‖

γ2
‖ + γ2

⊥
q2∆t

}
kBTγ

−1 = kBTγ
−1 . (C.62)

Contracting with δ and ε to obtain the even and odd components, respectively, results in

Dc
‖ = kBT

γ‖

γ2
‖ + γ2

⊥
, (C.63)

Dc
⊥ = kBT

γ⊥
γ2
‖ + γ2

⊥
. (C.64)

This can be compared to the direct solution of the self-diffusivity from Eq. (22) or the expression in Eq. (B.36) derived
without the flux hypothesis, where

Dself =

∫ ∞

0

dt 〈v(t)⊗ v(0)〉

=

∫ ∞

0

dt e−γt〈v(0)⊗ v(0)〉+
∫ t

0

dt′ e−γ(t−t′)〈η(t′)⊗ v(0)〉

= kBTγ
−1 ,

(C.65)

with components

Dself
‖ = kBT

γ‖

γ2
‖ + γ2

⊥
, (C.66)

Dself
⊥ = kBT

γ⊥
γ2
‖ + γ2

⊥
. (C.67)

As expected due to the dilute (i.e. non-interacting) setting, the collective diffusivity recovers the self diffusivity
when evaluated correctly in the macroscopic, intermediate-timescale regime. Note that Fig. 1(c) plots several typical
trajectories of Eqs. (C.49)-(C.50) with kBT = γ‖ = γ⊥ = 1. These same parameters are used in Figs. 1(d) and 1(e),
where t ∈ [0, 12] and t ∈ [0, 4], respectively, and where colorbars are scaled logarithmically with q and λ ∈ [0.01, 1.5].

D. SIMULATION DETAILS

Molecular dynamics simulations were carried out using the LAMMPS simulation software [62] with custom modi-
fications (available at https://github.com/mandadapu-group/active-matter). As a minimal model of the interacting
active spinners described by Eq. (27), we simulated rigid dumbbell particles constructed from two beads of width σ
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held together by a rigid bond of length `. These beads interact with one another through a Weeks-Chandler-Andersen
potential, defined by

V WCA(r) =

4ε

[(
σ/r

)12 − (
σ/r

)6]
+ ε r < 21/6σ

0 r ≥ 21/6σ ,
(D.68)

where r = |raα − rbβ | is the distance between bead a in dumbbell α and bead b in dumbbell β. The position of each
dumbbell is defined as its center of mass rα = 1

2 (r
1
α + r2α), and the angle θα of the dumbbell relative to the x-axis is

defined such that ∆rα = r2α − r1α = `

[
cos θα
sin θα

]
. Conversely, the bead positions are related to the new coordinates by

r1α = rα − 1
2∆rα and r2α = rα + 1

2∆rα. The force on the dumbbell center of mass is then

−∂V WCA

∂rα
= −

(
∂r1α
∂rα

∂

∂r1α
+

∂r2α
∂rα

∂

∂r2α

)
V WCA = −

(
∂

∂r1α
+

∂

∂r2α

)
V WCA , (D.69)

and the torque is

−∂V WCA

∂θα
= −∂∆rα

∂θα
·
(

∂r1α
∂∆rα

∂V WCA

∂r1α
+

∂r2α
∂∆rα

∂V WCA

∂r2α

)
=

`

2

[
sin θ

(
∂V WCA

∂x2
α

− ∂V WCA

∂x1
α

)
− cos θ

(
∂V WCA

∂y2α
− ∂V WCA

∂y1α

)]
.

(D.70)

The Green-Kubo estimates for Dc are then computed from Eq. (21) in a periodic simulation box of size L = 120σ for
the wave vector |q| = 2π

L . The Green-Kubo values reported in Fig. 2 are computed as the average over 60 independent
replicas, while 95% confidence intervals (i.e. error bars) are computed as twice the standard error over these replicas.
All simulations use the settings γ = 2, γθ = 1

2 , m = 2, I = 1
2 , ` = 1, kBT = 1, σ = 1, and ε = 1. The translational

and angular velocity evolution in (27) was discretized with Euler-Maruyama method and a time step of ∆t = 0.005.
As described in the main text, the Green-Kubo results are compared against direct “non-equilibrium molecular

dynamics” (NEMD) measurements of Dc made by perturbing the system with a small sinusoidal potential and
measuring the response. Specifically, an external potential V ext = −δV cos(qx) is imposed with δV = 0.2ρ̄ and
q = 2π

L . This potential drives a flux of the spinners relative to the substrate, independent of the flux driven by density
gradients. The result is a drift-diffusion equation for the density evolution of this single component system is then

J = −Dc∇ρ+ γ−1ρFext , (D.71)

where Fext = −∇V ext = −qδV sin(qx)êx. For small δV , the density can be linearized as ρ(r) = ρ̄ + δρ(r), such
that the external force acts by ρ̄ to leading order. In the steady state, ρ̇ = −∇ · J = 0, requiring Jx = 0. Solving
Eq. (D.71) for the steady state then yields

ρ(x) = ρ̄

(
1 +

δV

Dc
‖γ

cos(qx)

)
, (D.72)

Jx = 0 , (D.73)

Jy = −Dc
⊥∂xρ =

Dc
⊥ρ̄qδV

Dc
‖γ

sin(qx) . (D.74)

Finally, given |q| = 2π
L and the sinusoidal nature of the applied potential V ext, the simulation box can be divided

into intervals x ∈ (0, L/4], x ∈ (L/4, L/2], x ∈ (L/2, 3L/4] and x ∈ (3L/4, L) to improve sampling statistics. This
approach yields

ρ̄LδV

2πDc
‖γ

=
1

4

[ ∫ L/4

0

δρ(x)dx −
∫ L/2

L/4

δρ(x)dx −
∫ 3L/4

L/2

δρ(x)dx +

∫ L

3L/4

δρ(x)dx

]
(D.75)

and

Dc
⊥ρ̄qLδV

2πDc
‖γ

=
1

4

[ ∫ L/4

0

Jy(x)dx +

∫ 3L/4

L/4

Jy(x)dx −
∫ 3L/4

L/2

Jy(x)dx −
∫ L

3L/4

Jy(x)dx

]
(D.76)

where δρ(x) is the steady state value measured in simulation after averaging in time and y. The NEMD results
reported in Fig. 2 are averaged over 60 replicas, with error bars corresponding to 95% confidence intervals smaller
than the line widths and consequently omitted.
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E. GREEN-KUBO RELATIONS FOR 2D MOMENTUM AND ENERGY TRANSPORT

In this Appendix we show the utililty of the flux hypothesis to recover Green-Kubo relations for the transport
coefficients governing two-dimensional (2d) momentum and energy transport, including odd viscous and odd thermal
transport. In subsection E E.1, we consider the viscous behaviors of systems coupling the stress tensor (momentum
flux) σ to a velocity gradient ∇v via the fourth order viscosity tensor η(4). In subsection E E.2 we consider viscous
behaviors of systems with internal spin, by allowing for the additional coupling of the stress tensor to an internal spin
angular momentum field m. In subsection E E.3, we consider energy transport of systems with odd heat conduction,
coupling the heat flux vector Q to a temperature gradient ∇T via the second order thermal conductivity tensor κ.

For higher order transport tensors such as the viscosity η(4), we can apply the flux hypothesis using two approaches.
In the first approach (used in subsection E E.1), we consider the momentum in each coordinate as a separate quantity.
Thus in 2d, we decompose the linear momentum into ρvx and ρvy and the momentum flux into σxi and σyi, i ∈ {x, y}.
Here, Latin indices now refer to spatial degrees of freedom and Einstein summation notation is used. The fourth order
viscosity tensor ηijkl is accordingly unraveled into the four matrices ηxixj , ηyiyj , ηxiyj , ηyixj , and the result of Eq. (14)
may then be directly applied. However, in this unraveled state we are unable to apply tensor representation theorems,
which reduce the number of transport coefficients by constructing a basis set corresponding to the material symmetry.
For example, in two-dimensional isotropic systems, the fourth order viscosity tensor is reduced from 16 to 6 coefficients
(see SI-I of Ref. [5] for a representation theorem for isotropic tensors of order n in d dimensions). Without using
these theorems, certain coefficients such as the shear and odd viscosities [5] may have contributions from multiple
unraveled matrices. To use the representation theorems, we require reassembly of the Green-Kubo relations for the
four matrices ηxixj , ηyiyj , ηxiyj , ηyixj , into a Green-Kubo relation for the full fourth order tensor ηijkl.

In the second approach (used in subsection E E.2), we consider the momentum ρv as a vectorial quantity, enabling
for the use of tensor representation theorems. We apply the flux hypothesis directly on the fourth order tensor ηijkl
to recover Green-Kubo relations.

E.1. Viscosity for Systems with No Internal Spin

We now apply the flux hypothesis to recover Green-Kubo relations for viscosity η(4) in 2d isotropic systems as
presented in [5]. We first present Green-Kubo relations for the case of systems with no internal spin. In this case, the
stress tensor σ is linearly dependent on the velocity gradient ∇v alone as

σij = ηijkl∂lvk , (E.77)

with the corresponding balance law of linear momentum,

ρv̇i = ∂jσij . (E.78)

This balance law holds in both the macroscopic sense and instantaneously for any microscopic realization.
Considering microscopic fluctuations from a spatially homogeneous steady state with density ρ0 and no average

bulk velocity, we may write the linearized Fourier-transformed balance law as

ρ0∂tv̂
q
i = iqj σ̂

q
ij . (E.79)

Using matrix-vector products, the constitutive law (E.77) may be translated to its Fourier counterpart and then put
into the form of Eq. (2) as

tqx :=

[
σq
xx

σq
xy

]
=

[
ηxxxx ηxxxy
ηxyxx ηxyxy

] [
iqx
iqy

]
vqx +

[
ηxxyx ηxxyy
ηxyyx ηxyyy

] [
iqx
iqy

]
vqy , (E.80)

tqy :=

[
σq
yx

σq
yy

]
=

[
ηyxxx ηyxxy
ηyyxx ηyyxy

] [
iqx
iqy

]
vqx +

[
ηyxyx ηyxyy
ηyyyx ηyyyy

] [
iqx
iqy

]
vqy . (E.81)

Here, we define the fluxes ti := [σix, σiy]
ᵀ and define an unraveled matrix-analog to the 4th order viscosity tensor,

Hij :=

[
ηixjx ηixjy
ηiyjx ηiyjy

]
. (E.82)
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Thus, mirroring Eq. (2) we obtain

tqi =
∑

k∈{x,y}

Hik · iqvqk . (E.83)

We see that the quantities ti, Hij , and vqi are in direct analogy to Ji, Mij , and Aq
i , respectively, in the main text.

Accordingly, we may apply the flux hypothesis to obtain Green-Kubo relations for Hij , which from Eq. (14) are

Hij(q,∆t) =
∑

k∈{x,y}

Kik(q,∆t)skj(q) , (E.84)

where Kij and sij are defined in direct analogy to Lij and gij , respectively, in the main text as follows:

Kij(q,∆t) :=
1

V

∫ ∆t

0

dt 〈t̂qi (t)⊗ t̂−q
j (0)〉 = 1

V

∫ ∆t

0

dt

[
〈σ̂q

ix(t)σ̂
−q
jx (0)〉 〈σ̂q

ix(t)σ̂
−q
jy (0)〉

〈σ̂q
iy(t)σ̂

−q
jx (0)〉 〈σ̂q

iy(t)σ̂
−q
jy (0)〉

]
, (E.85)

[s−1(q)]ij :=
ρ0
V

〈v̂qi v̂
−q
j 〉 . (E.86)

Here, we note that s possesses an extra factor of the average mass density ρ0 when compared to g.
For isotropic systems, the static velocity correlator is diagonal to leading order (see SI-IV of Ref. [5])

lim
q→0

[s−1(q)]ij = ρ0µδij , (E.87)

where we have defined

µδij :=
1

V
lim
q→0

〈v̂qi v̂
−q
j 〉 . (E.88)

Substituting the definitions of Hij , Kij , and s into Eq. (E.84), we obtain the Green-Kubo relations for the viscosity
tensor: [

ηixjx ηixjy
ηiyjx ηiyjy

]
= lim

q→0

∑
k∈{x,y}

∫ ∆t

0

dt

[
〈σ̂q

ix(t)σ̂
−q
kx (0)〉 〈σ̂q

ix(t)σ̂
−q
ky (0)〉

〈σ̂q
iy(t)σ̂

−q
kx (0)〉 〈σ̂q

iy(t)σ̂
−q
ky (0)〉

]
1

ρ0µV
δkj . (E.89)

Equation (E.89) can be reduced to[
ηixjx ηixjy
ηiyjx ηiyjy

]
=

1

ρ0µV
lim
q→0

∫ ∆t

0

dt

[
〈σ̂q

ix(t)σ̂
−q
jx (0)〉 〈σ̂q

ix(t)σ̂
−q
jy (0)〉

〈σ̂q
iy(t)σ̂

−q
jx (0)〉 〈σ̂q

iy(t)σ̂
−q
jy (0)〉

]
. (E.90)

Finally, reorganizing Hij into a 4th-order tensor ηijkl, we write the Green-Kubo relations for the full viscosity tensors
as

ηijkl =
1

ρ0µV
lim
q→0

∫ ∆t

0

dt 〈σ̂q
ij(t)σ̂

−q
kl (0)〉 , (E.91)

with ρ0µ = kBTeff playing the role of effective temperature for non-equilibrium steady states.
For 2d isotropic systems, the viscosity tensor can be further reduced from 16 to 6 coefficients through the orthogonal

basis s
(α)
ijkl as outlined in Eq. (8) and Table I of Ref. [5], where

ηijkl =

6∑
α=1

λαs
(α)
ijkl = λ1δijδkl+λ2(δikδjl+δilδjk−δijδkl)+λ3εijεkl+λ4(εikδjl+εjlδik)+2λ5εijδkl−2λ6δijεkl , (E.92)

and {λα} are the relevant transport coefficients. The first three viscosities are even under parity symmetry: λ1 and
λ2 are respectively the typical bulk and shear viscosities, and λ3 is the rotational viscosity. The latter three viscosities
are odd under parity symmetry and may arise in chiral systems; λ4 is the “odd” viscosity coupling shear along one
axis with normal stress along an orthogonal axis, λ5 creates a torque in response to compression, and lastly λ6 creates
a normal stress in response to vorticity.
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Using Eq. (E.92) in conjunction with Eq. (E.91), we obtain the following Green-Kubo relations for each of the six
viscosities in 2d:

λ1 =
1

4ρ0µV
δijδkl lim

q→0

∫ ∆t

0

dt 〈σ̂q
ij(t)σ̂

−q
kl (0)〉 , (E.93)

λ2 =
1

8ρ0µV
(δikδjl + δilδjk − δijδkl) lim

q→0

∫ ∆t

0

dt 〈σ̂q
ij(t)σ̂

−q
kl (0)〉 , (E.94)

λ3 =
1

4ρ0µV
εijεkl lim

q→0

∫ ∆t

0

dt 〈σ̂q
ij(t)σ̂

−q
kl (0)〉 , (E.95)

λ4 =
1

8ρ0µV
(εikδjl + εjlδik) lim

q→0

∫ ∆t

0

dt 〈σ̂q
ij(t)σ̂

−q
kl (0)〉 , (E.96)

λ5 =
1

8ρ0µV
εijδkl lim

q→0

∫ ∆t

0

dt 〈σ̂q
ij(t)σ̂

−q
kl (0)〉 , (E.97)

λ6 = − 1

8ρ0µV
δijεkl lim

q→0

∫ ∆t

0

dt 〈σ̂q
ij(t)σ̂

−q
kl (0)〉 . (E.98)

Unlike previous work applying the Onsager regression hypothesis to this context [5], the flux hypothesis holds the
utility of isolating an explicit independent expression for each viscosity coefficient.

E.2. Viscosity for Systems with Internal Spin

We now apply the flux hypothesis to develop Green-Kubo relations for viscosities in 2d isotropic systems with
internal spin. Here, we showcase how to apply the flux hypothesis directly on higher order tensors. Allowing the
stress tensor σij to linearly depend on the velocity gradient ∂jvi and the spin field m results in the constitutive law
(see Eq. (6) in Ref. [5]),

σij = ηijkl∂lvk + γijm , (E.99)

where ηijkl is the standard viscosity tensor and γij is another viscous transport tensor characterizing the stress
response to the spin angular momentum. In the Fourier representation, Eq. (E.99) becomes

σq
ij = ηijkliqlv

q
k + γijm

q . (E.100)

While the linear momentum balance remains the same as Eq. (E.78), the spin angular momentum m follows the
balance law

ρṁ = ∂iCi − εijσij , (E.101)

with couple stress tensor Ci [5]. We may once again consider microscopic fluctuations from a spatially homogeneous
steady state with density ρ0 and no average bulk velocity to obtain the linearized Fourier-transformed balance laws
as Eq. (E.79) and

ρ0∂tm̂
q = iqiĈ

q
i − εij σ̂

q
ij . (E.102)

Given the multiplicity of transport coefficients entering via tensors of different order, it is convenient to apply the
flux hypothesis directly on the constitutive law via Eq. (9). To that end, given Eq. (E.100), the flux hypothesis states
the fluctuations in stress σ̂q

ij , velocity ṽqi , and internal spin m̃q are related by

〈σ̂q
ij(∆t)〉{v̂q

k(0)=ṽq
k ,m̂

q(0)=m̃q} = ηijkliqlṽ
q
k + γijm̃

q . (E.103)
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We now multiply by the initial velocity fluctuation ṽ−q
m , assume {ṽqj } and {m̃q} respectively follow the steady-state

distribution of the fluctuating variables {v̂qj } and {m̂q}, and then take a full ensemble average to obtain

〈σ̂q
ij(∆t)v̂−q

m (0)〉 = ηijkliql〈v̂qk(0)v̂
−q
m (0)〉+ γij〈m̂q(0)v̂−q

m (0)〉 . (E.104)

Assuming there exist no static correlations between the velocity fluctuations and the stress fluctuations, the left-hand
side term may be written using stationarity as

〈σ̂q
ij(∆t)v̂−q

m (0)〉 = 〈σ̂q
ij(0)v̂

−q
m (0)〉+

∫ ∆t

0

∂

∂t
〈σ̂q

ij(t)v̂
−q
m (0)〉dt

=

∫ ∆t

0

∂

∂t
〈σ̂q

ij(t)v̂
−q
m (0)〉dt

=

∫ ∆t

0

∂

∂t
〈σ̂q

ij(0)v̂
−q
m (−t)〉dt

= −
∫ ∆t

0

〈σ̂q
ij(0)

∂

∂t′
v̂−q
m (t′)〉

∣∣∣∣
t′=−t

dt

= −
∫ ∆t

0

〈σ̂q
ij(t)

∂

∂t′
v̂−q
m (t′)〉

∣∣∣∣
t′=0

dt .

(E.105)

Utilizing the balance of linear momentum in Eq. (E.79) with average steady-state mass density ρ0, we obtain from
Eqs. (E.104) and (E.105)

iql
ρ0

∫ ∆t

0

dt 〈σ̂q
ij(t)σ̂

−q
ml (0)〉 = ηijkliql〈v̂qk v̂

−q
m 〉+ γij〈m̂q v̂−q

m 〉 . (E.106)

It is convenient to decouple γij from ηijkl in Eq. (E.106). To this end, we may also multiply Eq. (E.103) by the
initial spin fluctuation m̃−q and take a full ensemble average to yield

〈σ̂q
ij(∆t)m̂−q(0)〉 = ηijkliql〈v̂qk(0)m̂

−q(0)〉+ γij〈m̂q(0)m̂−q(0)〉 . (E.107)

Again, assuming there exist no static correlations in stress fluctuations and spin field fluctuations, the left-hand side
of Eq. (E.107) can be expressed using stationarity as

〈
σ̂q
ij(∆t)m̂−q(0)

〉
= 〈σ̂q

ij(0)m̂
−q(0)〉+

∫ ∆t

0

∂

∂t
〈σ̂q

ij(t)m̂
−q(0)〉dt

=

∫ ∆t

0

∂

∂t
〈σ̂q

ij(t)m̂
−q(0)〉dt

=

∫ ∆t

0

∂

∂t
〈σ̂q

ij(0)m̂
−q(−t)〉dt

= −
∫ ∆t

0

〈σ̂q
ij(0)

∂

∂t′
m̂−q(t′)〉

∣∣∣∣
t′=−t

dt

= −
∫ ∆t

0

〈σ̂q
ij(t)

∂

∂t′
m̂−q(t′)〉

∣∣∣∣
t′=0

dt .

(E.108)

Now, utilizing the balance of spin in Eq. (E.102), we obtain from Eqs. (E.107) and (E.108)

iql
ρ0

∫ ∆t

0

dt 〈σ̂q
ij(t)Ĉ

−q
l (0)〉+ εkl

ρ0

∫ ∆t

0

dt 〈σ̂q
ij(t)σ̂

−q
kl (0)〉 = ηijkliql〈v̂qkm̂

−q〉+ γij〈m̂qm̂−q〉 . (E.109)

Equations (E.106) and (E.109) alone may be sufficient to recover Green-Kubo relations for the tensors ηijkl and γij
irrespective of material symmetry. In what follows, we derive Green-Kubo relations for isotropic systems, which puts
constraints on the nature of transport coefficient tensors and static correlation tensors. For isotropic systems, the
static correlation tensors 〈v̂qi v̂

−q
j 〉, 〈m̂q v̂−q

i 〉, and 〈m̂qm̂−q〉 must themselves be isotropic in the limit q → 0 as argued
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in SI-IV of Ref. [5]. Thus, 〈v̂qi v̂
−q
j 〉 must be a multiple of the Kronecker delta δij to zeroth order in q, and the vector

〈m̂q v̂−q
m 〉 must be first order in q. Accordingly, we define

µδij :=
1

V
lim
q→0

〈v̂qi v̂
−q
j 〉 , (E.110)

Ωij := − 1

V
lim
q→0

∂

∂iqi
〈m̂q v̂−q

j 〉 , (E.111)

π := δijΩij , (E.112)

τ := εijΩij , (E.113)

ν :=
1

V
lim
q→0

〈m̂qm̂−q〉 . (E.114)

As the static correlators may be discontinuous at q = 0, they are considered at the limit q → 0, which may or
may not be strictly equal to their evaluation at q = 0. Thus, expanding around q = 0+, 1

V 〈v̂qi v̂
−q
j 〉 = µδij + O(q),

1
V 〈m̂q v̂−q

i 〉 = − 1
V 〈v̂qi m̂−q〉 = −iqlΩli +O(q2), and 1

V 〈m̂qm̂−q〉 = ν +O(q2).
Now, considering the isotropy of the static correlators in Eq. (E.106) and noting the arbitrary orientation of q, we

obtain the following reduced Green-Kubo relations:

ρ0µηijkl − ρ0Ωlkγij =
1

V
lim
q→0

∫ ∆t

0

dt 〈σ̂q
ij(t)σ̂

−q
kl (0)〉 . (E.115)

Applying the same assumptions to Eq. (E.109), while also grouping order O(1) terms in the limit q → 0 yields

ρ0νγij =
1

V
lim
q→0

εkl

∫ ∆t

0

dt 〈σ̂q
ij(t)σ̂

−q
kl (0)〉 . (E.116)

Thus far, we have exploited the isotropy of the static correlation functions. Now, we additionally utilize the isotropy
of the transport tensors ηijkl and γij , expanding them with the bases outlined in Eqs. (7) and (8) and Table I of
Ref. [5]. The basis for ηijkl is specified in Eq. (E.92) and the 2d isotropic basis for γij is specified as

γij =
2∑

α=1

γαs
(α)
ij = γ1δij + γ2εij . (E.117)

The transport coefficients γ1 and γ2 couple the spin field to a normal stress and an antisymmetric stress, respectively.
Using these bases in conjunction with Eqs. (E.115) and (E.116), we obtain the final Green-Kubo relations for each
transport coefficient relating the stress tensor to the velocity gradient and spin field,

λ1 =
1

4ρ0µV

(
δijδkl +

π

ν
δijεkl

)
lim
q→0

∫ ∆t

0

dt
〈
σ̂q
ij(t)σ̂

−q
kl (0)

〉
, (E.118)

λ2 =
1

8ρ0µV
(δikδjl + δilδjk − δijδkl) lim

q→0

∫ ∆t

0

dt
〈
σ̂q
ij(t)σ̂

−q
kl (0)

〉
, (E.119)

λ3 =
1

4ρ0µV

(
1− τ

ν

)
εijεkl lim

q→0

∫ ∆t

0

dt
〈
σ̂q
ij(t)σ̂

−q
kl (0)

〉
, (E.120)

λ4 =
1

8ρ0µV
(εikδjl + εjlδik) lim

q→0

∫ ∆t

0

dt
〈
σ̂q
ij(t)σ̂

−q
kl (0)

〉
, (E.121)
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λ5 =
1

8ρ0µV

(
εijδkl +

π

ν
εijεkl

)
lim
q→0

∫ ∆t

0

dt
〈
σ̂q
ij(t)σ̂

−q
kl (0)

〉
, (E.122)

λ6 = − 1

8ρ0µV

(
1− τ

ν

)
δijεkl lim

q→0

∫ ∆t

0

dt
〈
σ̂q
ij(t)σ̂

−q
kl (0)

〉
, (E.123)

γ1 =
1

2ρ0νV
δijεkl lim

q→0

∫ ∆t

0

dt
〈
σ̂q
ij(t)σ̂

−q
kl (0)

〉
, (E.124)

γ2 =
1

2ρ0νV
εijεkl lim

q→0

∫ ∆t

0

dt
〈
σ̂q
ij(t)σ̂

−q
kl (0)

〉
. (E.125)

Once again, using the flux hypothesis, we isolate an independent expression for each transport coefficient, which would
be unattainable using the ORH without additional assumptions.

The above fully separated Green-Kubo relations reveal equivalencies between two pairs of transport coefficients.
Namely, the antisymmetric stress originating from vorticity (governed by λ3) is related to the antisymmetric stress
originating from the spin field (governed by γ2). Furthermore, the normal stress originating from vorticity (governed
by λ6) is related to the normal stress originating from the spin field (governed by γ1). These findings can be expressed
in the following equalities,

−4λ6

γ1
=

2λ3

γ2
=

(ν − τ)

µ
. (E.126)

While the second equality has been shown in [5] via the regression hypothesis, the flux hypothesis reveals an additional
connection between λ6 and γ1. Note in equilibrium due to equipartioning, there exist no static cross-correlations
between spin and velocity, making τ = 0. Furthermore, in equilibrium ν/µ = I/ρ0, with moment of inertia density I.
Thus in equilibrium systems, equivalencies can be made between transport coefficients relating a stress to vorticity
and with those relating that same stress to the spin field. Stresses then stem from the difference of the vorticity and
intrinsic spin field.

In summary, we demonstrated how to apply the flux hypothesis to higher-order tensors directly, which leads to
Green-Kubo relations for individual transport coefficients. This is in contrast to the work presented in [5], which
utilizes the Onsager regression hypothesis and yields fewer equations, making it impractical and perhaps impossible
to generally isolate expressions for each transport coefficient without additional assumptions, thus showing the utility
of the flux hypothesis. The flux hypothesis allows for all information pertinent to a transport coefficient to be utilized,
whether that coefficient affects temporal relaxation or not.

E.3. Thermal Conductivity

We now apply the flux hypothesis to derive a Green-Kubo relation for the thermal conductivity tensor for 2d
isotropic systems, including both the even and odd thermal conductivities [13]. Neglecting body heating and viscous
dissipation, the balance law for the specific internal energy u is

ρu̇ = −∇ ·Q , (E.127)

which holds for each microscopic realization with Q being the conductive heat flux vector. Considering microscopic
fluctuations from a spatially homogeneous steady state with no average bulk velocity, we may write the linearized
Fourier-transformed balance law as

ρ0∂tû
q = −iq · Q̂q . (E.128)

To close this differential equation, we necessitate a constitutive law relating the heat flux to a field variable. Assuming
Fourier’s Law, which states that the heat flux Q is linearly related to the temperature gradient ∇T , we write

Q = −κ ·∇T , (E.129)
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with κ being the second order thermal conductivity tensor. Further assuming that temperature and energy are related,
we may express Fourier’s law as

Q = −κ · dT
du

∇u , (E.130)

with dT
du being the inverse specific heat capacity, which we will take to be constant.

The quantities Q, u, and κ are in direct analogy to the quantities Ji, Ai, and Mij in the main text. Thus, mirroring
Eq. (14), we have

κ = G(q,∆t)c(q) , (E.131)

where G and c are

G(q,∆t) =
1

V

∫ ∆t

0

dt〈Q̂q(t)⊗ Q̂−q(0)〉 , (E.132)

c−1(q) =
ρ0
V

dT

du
〈ûqû−q〉 . (E.133)

Thus, the Green-Kubo relation for the thermal conductivity tensor becomes

κ = lim
q→0

1

ρ0
dT
du 〈ûqû−q〉

∫ ∆t

0

dt〈Q̂q(t)⊗ Q̂−q(0)〉 . (E.134)

For 2d isotropic systems, we may expand the thermal conductivity tensor using the representation theorem in SI-I
of Ref. [5] as

κij = κ‖δij + κ⊥εij , (E.135)

where κ‖ and κ⊥ refer to the even and odd thermal conductivity, respectively. A non-zero odd thermal conductivity
κ⊥ induces heat fluxes orthogonal to temperature gradients. By contracting δij or εij with Eq. (E.134), we obtain

κ‖ = lim
q→0

1

2ρ0
dT
du 〈ûqû−q〉

∫ ∆t

0

dt〈Q̂q
i (t)Q̂

−q
j (0)〉δij , (E.136)

κ⊥ = lim
q→0

1

2ρ0
dT
du 〈ûqû−q〉

∫ ∆t

0

dt〈Q̂q
i (t)Q̂

−q
j (0)〉εij . (E.137)

Note with the substitution du
dT = ρ0V 〈û2〉/(kBT

2), we recover the usual pre-factor of V/(kBT
2). Equation (E.136) is

the standard Green-Kubo relation for the symmetric part of the thermal conductivity tensor. However, as can be seen
from combining Eqs. (E.127), (E.130) and (E.135), there exist no contributions of κ⊥ to energy relaxation due to the
divergence free nature of odd fluxes. Therefore, there exists no possibility of obtaining the Green-Kubo relations for
κ⊥ from the Onsager regression hypothesis. The flux hypothesis, which instead acts on the level of the constitutive
law (E.130), is able to yield a Green-Kubo relation for κ⊥, showing that both time-reversal symmetry and parity
symmetry breaking is necessary to observe odd thermal fluxes.
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